The first flight of the Antarctic Impulsive Transient Antenna (ANITA) experiment recorded 16 radio signals that were emitted by cosmic-ray induced air showers. The dominant contribution to the radiation comes from the deflection of positrons and electrons in the geomagnetic field, which is beamed in the direction of motion of the air shower. For 14 of these events, this radiation is reflected from the ice and subsequently detected by the ANITA experiment at a flight altitude of ∼36 km. In this paper, we estimate the energy of the 14 individual events and find that the mean energy of the cosmic-ray sample is 2.9 × 10 18 eV, which is significantly lower than the previous estimate. By simulating the ANITA flight, we calculate its exposure for ultra-high energy cosmic rays. We estimate for the first time the cosmic-ray flux derived only from radio observations and find agreement with measurements performed at other observatories. In addition, we find that the ANITA data set is consistent with Monte-Carlo simulations for the total number of observed events and with the properties of those events.
Introduction
Ultra-high energy cosmic rays (UHECRs) have been observed for over half a century; however, their nature and origin remain uncertain. Modern observatories, like the Pierre Auger Observatory in Argentina [1, 2] and the Telescope Array in Utah [3, 4] , try to unravel the mysteries of UHECRs not only by increasing the number of recorded UHECRs, but also by increasing the measurement accuracy of their properties. Simultaneous observations of the fluorescence light emitted by the air shower while it passes through the atmosphere and the particle footprint on the ground provide cross calibration of the primary particle's properties including its energy. This method significantly reduces the systematic uncertainties in the observation of UHECRs. However, there still remains a discrepancy between the observed cosmic-ray energy spectrum at the Pierre Auger Observatory and the Telescope Array (see for example [5] ). In this paper, we develop an independent method to estimate the energy of UHECRs and apply this to cosmic rays observed during the first Antarctic Impulsive Transient Antenna (ANITA) flight, ANITA-I.
When the cosmic-ray sample of the first ANITA flight was reported [6] none of the models for calculating radio emission from air showers was able to predict significant radiation in the frequency band of ANITA-I. A preliminary energy estimate of this sample was performed using a Bayesian approach with a simple model as the prior for the emission pattern. In this paper the cosmic-ray data set is re-analyzed using a realistic model for the radio emission of air showers in order to estimate the cosmic-ray energy. The analysis presented here shows consistency with cosmic-ray flux observations made with other experiments and results in consistency when comparing distributions of parameters obtained from a full flight simulation to the observed distributions. The resulting energy scale of the cosmic-ray sample is about a factor of four lower than the previous estimate.
We first introduce the ANITA-I experiment and briefly discuss its cosmic-ray data set. In the following section, we introduce our energy estimation method and apply it to the cosmic-ray observations. Thereafter, we perform a full Monte Carlo simulation of the ANITA-I flight to calculate the exposure and cosmic-ray flux and test for consistency between predictions from simulations and cosmic-ray observations. We conclude with a discussion of the obtained results and a brief discussion as to how these results could impact future experiments.
The cosmic-ray data set obtained with ANITA-I
The objective of the ANITA-I experiment was to observe impulsive Askaryan radiation resulting from ultra-high-energy neutrino interactions in the Antarctic ice. However, during its first flight the ANITA experiment collected a data set of 16 radio signals that were emitted by cosmic-ray air showers [6] . These events remained after careful rejection of man-made pulsed signals, continuous waves, and thermal noise events. They all exhibited the polarization signature typical of the geomagnetic radiation from cosmic-ray air showers [7, 8] .
The arrival directions of two events were from above the horizon. This indicated that these signals came directly from air showers that skimmed through the atmosphere without reaching the Earth's surface. The arrival directions of the radiation of the other 14 events pointed back toward locations on the Antarctic ice sheet. The polarity of the signal was inverted with respect to the two direct events. These signals came from down-going air showers where the radio emission is reflected off the Antarctic ice sheet toward the payload. Understanding the particle shower and the resulting radiation from the two direct events is very interesting. These direct events correspond to particle showers which develop in significantly lower atmospheric density and never reach the ground. Therefore, the shower development is expected to differ significantly from standard down-going particle showers. To understand these particle showers, and the resulting radiation from them, dedicated shower simulations are required, which means modification of existing simulation codes. This is out of the scope of the analysis presented in this paper.
Description of the ANITA instrument and its first flight
The ANITA-I experiment was suspended from a high altitude balloon that flew in the 2006-2007 Austral summer over Antarctica. The total flight took 35 days in which the payload made almost four revolutions around the south pole. However, due to stability issues with the flight computer and periods in high background environments (near the base after take off) the effective uptime of the experiment was 17.25 days. The payload had a float altitude of ∼36 km and an antenna array provided a panoramic view on the ice sheet below it. The antenna array consisted of 32 dual-polarized quad-ridged horn antennas optimized to observe radiation in the 200-1200 MHz band. Each antenna had a vertical and horizontal polarization feed, and the full-width-half-maximum beamwidth was about 45
• . The antennas were arranged in an azimuthallysymmetric array with one ring of 16 antennas at lower part of the payload and two rings of antennas (8+8) at the top of the payload. Each antenna is tilted 10
• downward. Signals from each antenna feed were amplified and bandpass-filtered into 64 channels. These channels were then split into a trigger channel and a channel for digitization. The signal going into the trigger channel was decomposed into left-and a right-handed circular polarization. The two circularly-polarized signals were split into four frequency bands that were connected to tunnel diodes that functioned as power detectors. A trigger signal was issued when a threshold crossing was observed in several frequency bands (three or more out of eight). When a combination of neighboring antennas (minimal 4) in the array issued a trigger in time coincidence, signals from all of the antennas in the array were digitized and written to disk for a duration of 100 ns and with a sampling frequency of 2.6 GSa s −1 . Orientation, timing, and location information was provided by an array of GPS units. In addition, redundant systems using sun sensors and magnetometers were used to provide additional orientation information. Trigger efficiency and direction reconstruction were validated inflight by ground pulser stations. For a more detailed description of the instrument and its performance see [9] .
Energy estimation of individual events

Parameters obtained from the observed signals
A plane wave arriving at the antenna array will induce a pattern of arrival times corresponding to the incoming direction. We use these relative arrival times to calculate the coherent power corresponding to a certain direction. By calculating the coherent power from multiple directions a two dimensional interferometric map is generated. The location of the maximum coherent power within this map is used as the reconstructed incoming direction of the signal. This technique is explained in more detail in [10] .
After direction reconstruction, the electric field at the antenna feed is estimated by deconvolving the response function of both the signal chain and the effective height of the antennas from the measured voltage. Note that the effective height of each antenna depends on both frequency and the incoming direction of the radiation. As an example of the reconstructed time-dependent electric field at the payload we show the calibrated measurement of one cosmic-ray signal in the left panel of Figure 1 . As indicated, the pulsed signal is fully contained within a window of about 10 ns. The samples in this window are used to obtain the amplitude spectrum as shown in the right panel of Figure 1 .
The amplitude spectrum below 300 MHz suffers from loss of power due to filtering of emission from satellites between 220 and 290 MHz. In addition, the antenna model is less accurate at the lower frequencies. The antenna model is obtained from preflight measurements, and the lab setup provides less accurate results for the low frequency part of the antenna sensitivity due to near field effects. Therefore, frequencies below 300 are not considered in the spectral fitting. Around 1000 MHz, the sensitivity of the digitizer drops rapidly, which makes signal recovery above this frequency unreliable. Therefore, we choose to evaluate the amplitude spectrum between 300 and 1000 MHz.
The observed amplitude at a given frequency is the sum of the signal and a thermal noise background with a random phase. The probability distribution of the resulting amplitude is described by a Rician distribution. We use this probability distribution function to estimate a central 68 % confidence interval in which the signal is contained given the measured amplitude and the background. The background is estimated from several (4 or 5) 10 ns time windows in the same waveform as the signal while excluding the signal region. We average (1)), in the range 300-1000 MHz, to the signal spectrum is also shown. In addition we show an example of simulated radio pulse obtained with the ZHAireS Monte Carlo (with an arbitrary time-offset).
the amplitude spectrum from these sideband samples to get a frequency-dependent amplitude spectrum of the background. We observed that within statistical fluctuation this background amplitude spectrum is flat over the band (as shown in Figure 1 (right) ). We then averaged the background over the full amplitude spectrum to get a single estimation of the background level for the complete frequency band. The range of observed background levels are between 0.07 and 0.2 pW 0.5 m −1 MHz −0.5 . From the signal spectrum, A f , as a function of frequency, f , we obtain two parameters by fitting a simple exponential function
Parameter A gives the amplitude of the electric field at 300 MHz (at the location of ANITA) and parameter γ describes the frequency dependence of the amplitude spectrum. An exponential function is motivated by the shape of the amplitude spectrum obtained from ZHAireS simulations [11] . The fit parameters for the 14 cosmic-ray observations are listed in Table 1 . In addition to the measured pulse, we show in Figure 1 also an example of a ZHAireS simulation with an energy and off-axis angle close to reconstructed values (see section 4). A simple rectangular bandpass filter between 300 and 1000 MHz is applied to the time domain of the simulations . The amplitude, polarity and duration of the simulated pulse are comparable to the measurement. However, small deviations of the pulse shape in the time domain are expected due to the simple bandpass filter applied to the simulation.
Models for radio emission from air showers
During the ANITA-I flight in 2006-2007 none of the available models were able to predict observable signals in the 300-1000 MHz frequency band. However, the recent inclusion of the effect of the atmospheric refractive index increased the frequency at which the simulations are coherent up to several gigahertz [11, 12, 13, 14] . This makes it now possible to compare the observation directly to the models and this is the main motivation to reanalyze the ANITA-I data set. The effect of the atmospheric refractive index on propagation of the radiation from the air shower results in a cone-like beam around the shower axis. The variation in arrival time of the radiation originating from different regions of the air shower shrinks to a minimum for observers located at the Cherenkov angle corresponding to the location of the region of maximum emission: Therefore, radiation with short wavelengths adds more coherently in the direction of the Cherenkov angle ψ c , resulting in the flattest frequency spectrum at the Cherenkov cone. As an observer moves away from the Cherenkov angle, coherence is lost at the higher frequencies causing the frequency spectra to steepen. This frequency dependence as a function of distance to the Cherenkov angle plays a fundamental role in the method that we developed to estimate the energy of cosmic-ray particles. In the frequency band of the ANITA experiment the coherence due the Cherenkov effect, and therefore the atmospheric refractive index, is crucial to obtain measurable radiation. The dependence of the refractive index with altitude has an impact on the observed radiation. The refractive index falls off as a function of altitude. As a consequence, more inclined showers will emit their radiation within a smaller off-axis angle since they develop at higher altitude. At lower frequencies the conditions for coherent radiation are easier satisfied. Therefore, the time compression due to the Cherenkov-effect does not play a dominant role anymore. As a result, the characteristic ring pattern is less prominent at lower frequencies. For examples of the shape of the radiation pattern over a large frequency range see [15] . The geometry for reflected radiation from a cosmic-ray-induced air shower is illustrated in Figure 2 . All of the standard simulation packages of radio emission from air showers have been developed to calculate the emission for antenna arrays on the ground. However, recently the ZHAireS code [16] was upgraded [15] to incorporate a reflection off a dielectric medium, such as the Antarctic ice. The code reflects the radiation contribution from each particle track individually on the ice and propagates it to the payload location where they are summed to calculate the total electric field. Therefore, we can compare the simulated electric field properties directly to the observed ones at the location of the payload. At the reflection point the Fresnel coefficients are applied.
This method avoids the problem of simulating the electric field in the near field on the ground, while the payload observes it in the far field. When both are in the far field one can simply extrapolate ground calculations to payload locations but this method does not apply in the range of incident angles as observed by ANITA (see [15] ). This is why we had to use the upgraded ZHAireS package to properly calculate electric field strength at the payload. However, to study the dependency on the choice of simulation package we compared the ZHAireS simulation to another simulation package in Appendix B for antennas located on the ground.
Method for energy estimation
In this section, we will explain the basic concept for estimating the cosmic-ray energy and then introduce the refinements that go into the final energy estimation. The method presented here builds upon concepts that were presented in [17, 18] .
For a given simulated air shower we calculate the electric field at different off-axis angles, ψ (see Figure  2 ). The falloff of the amplitude spectrum depends strongly on the off-axis angle and is reasonably described by a simple exponential in the frequency range of 300-1000 MHz [11] . As with the measurements, we fit the Figure 2 : Illustration of the footprint of the Cherenkov-ring on the ground and the geometry system used in the analysis. From the observation of radiation at the location of ANITA we can calculate the incident angle of the radiation on the ice θ. After simulating an air shower, we can define a line from the location of Xmax that after reflection with angle θ would end up at the location of the payload. The angle this line makes with respect to the shower axis is defined as the off-axis angle ψ. A range of off-axis angles is probed for a single air shower simulation by varying the location of ANITA in simulation while keeping the payload at a fixed altitude above sea-level. The off-axis angle of the Cherenkov ring is indicated by ψc. The color map is obtained by calculating the radio signal at 300 MHz for an incoming cosmic ray with a zenith angle of 70 • using the ZHAireS code and the interpolation technique as discussed in [19] . Note, due to the shape of the radiation pattern there will aways be an offset between the direction of the observed radiation and the direction of the shower-axis. This will be discussed in more detail in Section 4. function in Equation (1) to estimate the amplitude A at 300 MHz and the spectral slope γ at each off-axis angle. In Figure 3 , we show an example of the amplitude distribution and spectral slope as a function of off-axis angle for payload locations along a line perpendicular to the shower axis. Both distributions peak at the location of the Cherenkov angle ψ c . As we move away from the Cherenkov cone, we loose power at the higher frequencies and the spectra become steeper. At some point we hit the noisy, mostly incoherent part of the spectrum, which jeopardizes the fitting of meaningful spectrum slopes.
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In the left panel of Figure 4 , we show the correlation between γ and A from Figure 3 in the region near the Cherenkov cone. The color code shows the result of repeating the air shower simulations with different cosmic-ray energy. At different energies the markers can be on slightly different locations because of differences in shower maximum (see Section 4.4 for more details) We observe that the relation between spectral slope and its amplitude is remarkably simple and can be described by a linear relation:
in which A c gives the amplitude at 300 MHz on the Cherenkov cone, γ c gives the spectral slope on the Cherenkov cone, and parameter b describes the dependence of A on γ. This means that if we determine b and γ c from the simulations, we can derive for each measured spectral slope, γ, and amplitude, A, the corresponding amplitude on the Cherenkov cone, A c . The value of γ c is determined as the flattest frequency spectrum from the set of simulations at different off-axis angles. There is no significant dependence of γ c on energy, therefore we average it over the different energies. Parameter b is used as a free fit parameter in Equation (2) . It is clear from Figure 4 that it is quite independent of energy. We thus average its value over the different energies considered. We use the values of b and γ c to calculate for each simulation point in the left panel of Figure 4 the value of A c . The right panel of Figure 4 shows the dependence of the obtained mean value of A c as a function of cosmic-ray energy (markers). The (tiny) error bars represent the root mean square of the A c distribution. These values are fitted with a linear relationship
10 × with p 0 = −18.3 ± 0.1 and p 1 = 0.991 ± 0.007 (statistical uncertainties from the fit). This linear relationship is used as the cosmic-ray-energy calibration curve for this particular event. The fit results show that the obtained values of A c are directly proportional to the energy of the cosmic-ray particle.
For each cosmic-ray event, we use the measured values of γ and A to calculate the value of A c using the calibration constants b and γ c obtained from simulations. Using the value of A c we estimate the cosmic-ray energy from the calibration curve generated specifically for the event.
It must be noted that the simple relation between γ and A in Equation (2) starts to break down as one moves further away from the Cherenkov cone. However, the steepest spectral slope obtained from the cosmicray observations is -4.0×10 −9 Hz −1 , which is well in the range where Equation (2) is a good approximation. As an example, there is still a good agreement of the markers with the linear fit at γ ∼ 4 × 10 −9 as shown in Figure 4 (left) .
Reflection coefficients and sources of uncertainty.
Although the ZHAireS simulations are tailored to calculate reflected radio signals for a high altitude balloon, there are still two effects that will alter the electric field observed after the reflection and these are taken into account in this analysis:
Defocusing due to curvature of the Earth: Since the Earth's surface is curved, parallel incident rays will diverge after reflection. This means that the amount of power-per-area will decrease after the reflection. This decrease depends only on the incident angle of the radiation. It becomes more significant near the horizon where the incident angles of the radiation are large with respect to the surface. To calculate the loss we used the analytical model from [20] and validated its accuracy with the ray tracing algorithm explained in [15] .
Loss of coherence due to surface roughness: If the roughness of a reflecting surface is of a similar or larger size than the wavelength of the radiation, a reflection will disturb the wavefront and there will be a loss of coherence. We estimated the loss of coherence by performing a physical optics calculation over a surface using the method described in [21] . The model of surface roughness used in the calculation is based on a parameterization [22] of surface roughness measurements performed over length scales between 0 and 120 m at the Antarctic Taylor Dome station. The parameterization is rescaled to reflect the roughness at other locations using the digital elevation model from [23] The various contributions to the reflection coefficient as a function of incident angle. The green dashed line shows the scaling factor for the combination of all the contributions. For illustration purposes, the surface roughness factor is taken at 650 MHz. In the full calculations the frequency dependency of this factor is taken into account as described in Appendix A.
we are mostly interested in surface roughness on length scales between 10 and 30 m. Therefore, we assign a significant uncertainty to the roughness correction.
A rougher surface with respect to the currently used values induces a smaller amplitude and a steeper spectrum. The smaller amplitude implies that the energy of the event would be underestimated, but on the other hand the steeper spectrum implies that the off-axis angle would be reconstructed closer to the Cherenkov angle resulting in an overestimate of the energy. These two effects almost cancel each other out and the resulting uncertainty on the energy due to the uncertainty in roughness is the range 1%-6%.
However, surface roughness becomes more important when simulating the ANITA-I flight as both the steepening of the amplitude spectrum and the reduced amplitude will reduce the likelihood of a trigger at the ANITA-I instrument.
These two effects, in combination with the Fresnel coefficients, give the total scaling factor for simulated electric fields. The Fresnel coefficients are already included in the simulation package. In Figure 5 we show how the scaling factors depend on the incident angle of the radiation.
There are several parameters that influence the cosmic-ray energy estimation that cannot be constrained from the observations made by ANITA. As a result, these parameters contribute to the uncertainty in the cosmic-ray energy estimate. Below we describe each of these contributions and how we treated them to assess their contribution to the uncertainty.
Ambiguity in the direction of the air shower: The radio signal is emitted in a cone-like beam around the shower axis. Therefore, there is an offset between the direction of the radiation and the direction of the shower axis. There are also two effects that cause asymmetries in the radio beam pattern that depend on which side of the shower axis the detector is located: Firstly, there is a radially-polarized contribution,with respect to the air shower axis, due to charge-excess radiation (Askaryan radiation) that interferes with the dominant geomagnetic radiation [8] . At the zenith angle range of the air showers and the frequency range considered here, this interference alters the observed emission only at the percent level. Secondly, a stronger source of asymmetry is due to whether the zenith angle of the shower axis was smaller or larger than the observed incident angle of the radiation (θ). The altitude at which the air shower develops becomes more strongly dependent on the zenith angle of the shower axis when the zenith angle increases. The zenith angle will influence the distance from the detector to the emitting region and the amount of radiation emitted by the air shower.
To sample these asymmetries associated with the payload location with respect to the air shower axis we pick four air shower offset directions. If we describe the direction of the radiation by the incident angle on the surface, θ, and azimuthal angle, φ, then the following offsets were chosen for the direction of the shower axis: (θ+ψ c , φ),(θ−ψ c , φ),(θ, φ−ψ c ) and (θ, φ+ψ c ). The payload locations are distributed along lines that extend from the location of the offset through the location of observed radiation to an off-axis angle of 2.4 times ψ c . We estimate the calibration constants γ c and b and calibration lines (as in Figure 4 ) on each of these four air showers individually to reconstruct the energy. We report the average value as the energy of the cosmic ray and use the spread in these values as an uncertainty on the cosmic-ray energy. The uncertainty on the individual cosmic-ray energy varies from 4% to 15% and are listed in Table 2 .
The uncertainty on angular reconstruction is small δθ ≈ 0.2 • and δφ ≈ 0.8
• and compared to the offsets discussed above the resulting uncertainty on the energy is negligible.
Uncertainty on the atmospheric depth of air shower development: Most of the radiation is expected to come from near the region where the air shower reaches its maximum number of particles, usually referred to as an atmospheric depth X max expressed in g cm −2 . The location of X max fluctuates from shower to shower and the distribution of X max depends on the energy of the cosmic ray. The most accurate measurement of the X max distributions in the energy range of interest are performed by the Pierre Auger Observatory [24] . We force the air shower simulations used for the energy estimation of individual events to be near (∼5 g/cm 2 ) the observed mean X max as measured by the Pierre Auger Observatory. In this way the simulations are tuned toward observations and not the choice of interaction model.
To estimate the uncertainty on the energy reconstruction due to the spread of X max we generated a set of 50 proton air shower simulations to obtain a distribution in X max values (without forcing the simulations to be near X max observed at Pierre Auger Observatory). By estimating the the cosmicray energy for each of these showers individually we obtain a distribution of reconstructed energies. The spread of this distribution is used as the uncertainty on the energy estimation due to variation in shower development and is of the order of 4%. The variation in X max is largest for proton induced air showers, therefore the uncertainty of 4% can be considered as an upper limit. Note, the uncertainty on the energy of only 4% due to proton X max fluctuations indicates that there is little dependency (and sensitivity) on the exact depth of shower maximum whatsoever.
Variation in atmospheric refractive index: From atmospheric measurements made throughout the austral summer, we model the atmospheric refractive index. To the average atmospheric refractive index profile we fit an exponential function that is used in the simulation of the radio signals. The deviations from this fit are ∼ 3% at an altitude relevant for air showers. To estimate the impact of these deviations on the energy estimation, we varied the refractive index model in the simulations and evaluated the impact on A c . This resulted in uncertainty on the cosmic-ray energy estimates that range from 4% to 9%.
Variation of the refractive index of the snow surface: The Fresnel coefficients depend directly on the dielectric properties of the surface. For the Fresnel coefficients used in our analysis an average density of the firn surface is assumed which leads to a refractive index of 1.35. A layer of fresh snow reduces the average density which can lead to a 10% lower refractive index. The effect of a 10% decrease of the refractive index lowers the reflection coefficient by 25 % at an incident angle of 57
• and 8% at an incident angle of 85
• . Because of the lack of knowledge of the exact refractive index of the snow surface at the location of each reflection, we assign an uncertainty to the Fresnel reflection coefficient corresponding to 10% deviation in the refractive index.
Calibration of the ANITA-I instrument: The observations have been corrected for instrument response. The instrument response is characterized by measurements of the effective height of the antenna and the impulse response of the system after the antenna. An uncertainty of 1 dB is assigned to each individual event to take into account the imperfections in the gain corrections per signal chain. In addition, we adopt a 1 dB (12%) systematic uncertainty on the energy scale to account for the uncertainty in the method to measure the antenna effective height.
Uncertainty due the radio simulation package used: We compared the electric field obtained with the ZHAireS and CoREAS packages for antennas on the ground, for details see Appendix B. Deviations in A c were found from 5% up to 30% depending on the zenith angle of the air shower. We adopt these deviations as an uncertainty in the energy reconstruction per individual event.
Uncertainty on parameters derived from the measurements: The statistical uncertainty on the fit parameters A and γ are propagated to the uncertainty on the energy of the cosmic rays. This uncertainty contributes between 6 and 38% of the cosmic-rays energy.
Uncertainty on calibration constants derived from the simulations: While generating the simulations to obtain the calibration constants we have to a make few pragmatic choices. The simulations have a finite number of locations where the electric field is calculated and the values of A and γ are linearly interpolated between these locations. In addition, there is a slight variation in the depth of shower maximum for each different cosmic-ray energy. To estimate the impact on calibration constants b and γ c , the spread on these constants are calculated for the different cosmic-ray energies. The spread on these constants are propagated to the uncertainty on the cosmic-ray energy and varies between 2% and 10% of the cosmic-ray energy.
Cosmic-ray energy estimation of individual events
We applied the method and corrections discussed in the previous sections to the recorded signals to obtain the energy of the individual cosmic rays. The measured cosmic-ray energy distribution is shown in Figure 6 and the individual energy estimates are listed in Table 2 .
From Table 2 we calculate the weighted mean energy of the cosmic-ray sample to be 2.9 EeV. The weights are set by quadratic sum of contributions to the uncertainty (as listed in Table 2 ) that are expected to cause random event-to-event fluctuations in the energy estimate. On the mean energy we estimate an 95% confidence interval σ i due to these uncertainties of 0.4 EeV. In addition to this uncertainty, we estimate an 95% confidence interval σ s due to sources of uncertainty that could systematically influence the overall energy scale to be 0.8 EeV.
The two events in Table 2 that are marked with an '*' had flatter observed spectral slopes than obtained from the simulations. In the case of event 1, the flattest spectral slope from simulations is within the uncertainty of the spectral slope compatible with the observation. Therefore, it is reconstructed on the Cherenkov cone. This was not the case for event 2. The roughness rescaling to obtain a roughness model at the location of the reflection is the largest among all the events. However, this large rescaling factor also has a large uncertainty on it. Simulating different surface models with rescaling factors distributed to reflect the uncertainty on the used rescaling factor results in simulated spectral slopes that are compatible with the observed spectral slope in 30% of the cases. Therefore we decided to reconstruct the energy as though it was reconstructed on the Cherenkov cone. The deviation in A c between the largest roughness scaling parameter that resulted in a reconstructable energy and the nominal used roughness scaling factor is used to set an additional uncertainty on the energy reconstruction of 30%. This event underlines the importance of having accurate values for the local surface roughness.
In addition to the cosmic-ray energy estimations, we also present the off-axis angle of the Cherenkov cone ψ c in Table 2 as obtained from the simulations. From the spectral slope distributions obtained from simulations, e.g., the right panel of Figure 3 , we obtain the two off-axis angles where the measurement Table 2 : Energy estimate on the individual events and the total uncertainty on it due to the several sources of uncertainty listed in Section 4.4. The column labelled Unc. Amb. dir. gives the fraction of the uncertainty due to the effect discussed in Ambiguity in the direction of the air shower in Section 4.4. Also listed are the off-axis angle of the Cherenkov cone and the reconstructed offset with respect to the Cherenkov angle. The two events marked with an '*' had flatter observed spectral slopes than obtained from the simulations and are therefore assumed to be on the Cherenkov cone (see the text for more details).
intercepts the distribution. In the last column of Table 2 , we report the average angular offset of these two angles with respect to the Cherenkov cone, ∆ψ c .
Simulating the ANITA flight
Full Monte Carlo simulation of the ANITA flight
In order to estimate the exposure, we need to calculate the trigger efficiency of ANITA to an isotropic cosmic-ray flux. The method to calculate the exposure is partially inspired by the calculations performed in [25] and the detector simulation is based on the flight performance as reported in [9] . Below we describe the strategy of the flight simulation in a (semi-) sequential order:
1. The payload is located at a fixed location with an altitude of 36 km above sea level, which corresponds to the average altitude during the flight. 2. The Antarctic surface is chosen at altitude of 2 km above sea level, which corresponds to the average height of the Antarctic ice sheet overlooked by ANITA during the flight. 3. Seeds for cosmic rays are generated in the following way: We choose a surface 200 km above sea level parallel to the surface of the Earth. The size of the surface (4.5×10 7 km 2 ) extends slightly over the horizon that ANITA can see from 36 km altitude. On this surface seed locations for cosmic rays are generated by drawing from a uniform distribution function. To each seed a direction is assigned by drawing a direction from an isotropic distribution. In total 6.7×10
8 seeds are generated. 4. A cosmic ray is tracked into the atmosphere and the location is calculated where it reaches a slant depth of 735 g cm −2 , which corresponds roughly to the average value of X max above 10 18 eV. This location is used to make a decision: if the off-axis angle with the location of the payload is less than 2
• we will start the full simulation of the particle shower and the radio emission. If it is larger than 2 • , it is unlikely that it will trigger the instrument and therefore it will be rejected (see Figure 7 for validation of this cut). The number of cosmic rays passing this cut is 16968. 5. The full simulations are run at a fixed cosmic-ray energy of 10 18.4 eV and protons as a primary cosmicray particle. To explore the energy dependency of the exposure, the radio signal is scaled proportional to the cosmic-ray energy afterward (this linear scaling is a valid assumption see for example Figure 4 (right)). The geomagnetic field input parameters of the simulations are chosen such that they mimic the geomagnetic field configurations along the flight path. The orientation of the shower direction with respect to the geomagnetic field is the dominant factor that determines the polarization of the signal. By varying the geomagnetic field configurations and the incoming directions the polarization dependency of the trigger efficiency is taken into account. 6. The roughness corrections are applied to the resulting electric field obtained from the simulations.
Several scenarios for the reflection properties of the surface are simulated to estimate the influence of the surface properties on the trigger efficiency. 7. The electric field at the payload, corrected for reflection effects, is propagated through the antenna model and the analog chain taking into account the polarization of the signal and the antennas. 8. To the signal, several noise contributions are added. The noise seen in the field of view of the antenna is the combination of the noise temperature of the ice and the sky which is roughly 190 K over the full frequency band. Narrowband emission between 220 and 290 MHz is also present in the field of view, arising from satellites. This emission was observed toward the north side of the payload and therefore their contributions are simulated into the north facing antennas. The power is set to match observations during the flight. In addition to the noise seen by the antennas, the noise generated by the full trigger chain is simulated based on measurements performed before flight and is about 140 K over the frequency band. 9. The combination of signal and noise is fed into the trigger simulation. The trigger simulation is setup with typical thresholds and multiplicity of frequency bands (minimal three out of eight) and antenna multiplicity (four or more adjacent antennas) as used during flight. The thresholds are set such that they correspond to a fix rate of threshold crossings per single antenna, therefore it depends on the (Table 2) amount of noise seen by an antenna. We ran the simulation once with the nominal noise setup (as described in the previous item), once reflecting a more noisy environment (near a base) and once reflecting a quiet region of the flight. 10. The fraction of accepted cosmic rays (not rejected in step 4 or 9) with respect to the total number of cosmic rays simulated in step 3 is used to calculate the effective aperture of the ANITA experiment. Using the total life time of the experiment of 17.25 days the exposure is estimated.
Exposure and cosmic-ray flux calculation
The trigger efficiency from the flight simulation determines the total exposure of the flight, which is displayed in the top panel of Figure 8 . The energy scale at which the exposure grows rapidly is approximately the same energy scale as the average energy from the individual events. The fast rise in exposure below 10 18.5 eV basically reflects the energy regime where some of the air showers start to be above the detection threshold. At a higher energy, the growth in exposure slows down and the steady increase is due to the increasing possibility of detecting events further away from the Cherenkov cone, as seen in Figure 7 .
In the bottom panel of Figure 8 we compare the cosmic-ray energy flux J(E) as observed by the Pierre Auger Observatory and the Telescope Array to the flux observed by ANITA-I. Due to the small number of events measured by ANITA, we decided to calculate the flux using a single bin that contains the whole energy range of the observations and use the average reconstructed energy to set the energy scale. The vertical error bar is the quadratically summed combination of the Poisson uncertainty on the number of events and uncertainty on the exposure.
To assign an uncertainty to the exposure we performed the full flight simulation in several scenarios by varying the roughness model (twice as rough or half as rough as at Taylor Dome), the background model (quiet conditions and noisy conditions) and the average refractive index of the ice (n = 1.31 and n = 1.35). Increasing the surface roughness by a factor of two results in a significant decrease in the exposure by a factor 0.3 at 2.9 × 10 18 eV, while reducing it by a factor of 0.5 increases the exposure only by a factor 1.05. Changing the refractive index of the ice from 1.35 to 1.31 leads to a 3% increase of the exposure at 
× 10
18 eV. Using a background model that reflects quiet conditions increases the exposure by 6% while more noisy conditions reduce the exposure by 11% at 2.9 × 10 18 eV. To be conservative, we used the two most extreme combinations of these scenarios as an uncertainty on the exposure.
Using this approach we find that the observed cosmic-ray flux by ANITA at 2.9 EeV is 1.4
The horizontal error bars are given by the 95% confidence interval σ i due to the uncertainties on the individual events of 0.4 EeV while the brackets indicate the 95% confidence interval σ s due to the uncertainty on the overall scale of the radio signal of 0.8 EeV.
Cosmic-ray observations compared to expectations from Monte Carlo simulations
Using the exposure, we estimate the number of expected cosmic rays via Monte Carlo simulations. To do so, we integrate the parameterized cosmic-ray-energy spectrum, as measured at the Pierre Auger Observatory [26] (or at the Telescope Array [5] ), multiplied with the exposure function over the full energy range. The resulting number of expected events is 16 (Pierre Auger spectrum) or 20 (Telescope Array spectrum), compared to the 14 observed events.
In addition to the expected total number of events, we can also compare the distributions of several variables obtained from the measurements to those of the flight simulation. We compared the following parameters: A, the amplitude of the frequency spectrum of the signal at 300 MHz, γ, the spectral slope fitted between 300-1000 MHz, and θ, the incident angle of the radiation on the ice. The results are given in Figure  9 . The distributions obtained from the Monte Carlo simulations are weighted as a function of energy by the number of events expected from the cosmic-ray energy spectrum as observed at the Pierre Auger Observatory or the Telescope Array. To test the compatibility of the measured and simulated distributions we normalized them both and perform a Kolmogorov-Smirnov test. In Figure 9 , we report the probability of having the calculated Kolmogorov-Smirnov test statistic or larger, P KS , using the Pierre Auger energy spectrum. This indicates that there is statistical agreement between the distributions obtained from simulations and observations. Using the cosmic-ray energy spectrum as observed by the Telescope Array, we find the following probabilities P KS = 0.4 for the distributions in A, P KS = 0.5 for the distributions in γ and P KS = 0.7 for the distributions in θ.
Discussion
The distribution of observed amplitudes contains one obvious outlier, this event has been identified as number 5 in Table 2 . We inspected this event carefully however, and except for its exceptionally large amplitude, the other parameters of this event are in the bulk of their corresponding distributions. Thunderstorm conditions are known to cause enhanced radio signals from air showers [27, 28, 29] and therefore provide a feasible candidate to explain outliers in the amplitude distribution. However, thunderstorm conditions are extremely rare in Antarctica [30] and therefore it is an unlikely explanation for this outlier.
Having provided the ANITA-I flight simulation with the most realistic treatment of radio signals, we investigate the impact of the corrections on the electric field values from ZHAireS simulations. Not including the correction due to the reflection on the curved ice surface results in a significant increase of sensitivity for events near the horizon; therefore, the total number of expected events increased to 21 using the Pierre Auger Observatory spectrum and 25 for the Telescope Array spectrum. Assuming a completely smooth surface results in tension between the simulated and observed distributions of the spectral slope: P KS = 0.03 using the Pierre Auger Observatory energy spectrum and P KS = 0.01 when using the Telescope Array energy spectrum. These results underline the importance of having a correct treatment of the reflection. Some studies of the reflection properties of the Antarctic ice in the ANITA-I frequency band have been performed using the direct and reflected emission from the Sun [31] . These studies indicate that the reflection coefficient roughly follows the expectation for Fresnel coefficients at low incident angles, but smaller values than predicted by Fresnel coefficients are observed at larger angles of incidence. This is qualitatively what is expected for both the defocusing due to surface curvature and the loss of coherence due to surface roughness. However, to exactly calculate the reflective properties of the ice the location dependent surface model needs improvement. Additional refinement of the models could include local curvature, local slope and local variation in refractivity of the surface. However, to generate these models additional measurements will be necessary. During the third ANITA flight (2014-2015) a companion payload equipped with a pulser flew for exactly this purpose. This payload transmitted pulses that can be observed directly and after reflection from the surface. A small fraction of Antarctic surface has hills and mountains that might influence the reflection of the radio signal. These intermediate length scale effects are not taken into account in the analysis in this paper. The pulser campaign of the third ANITA flight might shed light on the influence of surface effects on these length scales.
There have only been a few comparisons between observed and simulated radio signals from air showers and mainly at lower frequencies than the frequency band of ANITA. Quantitatively, good agreement is achieved with recent observations at the Low Frequency Array (LOFAR) [32, 33] , however an absolute calibration is not provided. Comparisons including an absolute calibration vary between ∼10 % [26] and ∼16 % [34, 35] deviations between simulations and observations. Recently, the CROME experiment observed several air showers using gigahertz receivers [36] . The distribution of shower impact locations was in agreement with expectations from simulations. Which indicates that current simulation models are capable of describing radio emission over a large frequency range.
The agreement that was found between number of predicted events from simulation and the observed number of events is encouraging for the validity of the absolute scale of the radio signal from the simulations. However, in the near future the radio emission codes will be absolutely calibrated by the antenna arrays incorporated in one of the existing cosmic-ray observatories (LOFAR [33] , AERA [8] , TunkaRex [37] , CODALEMA [7] , and by dedicated particle-beam experiments such as T-510 at SLAC [38] .
The energy scale of the analysis presented here is significantly lower than the first results published on this data set [6] . The main reason for this discrepancy is that at the time of that publication there was no radio emission model known that could produce coherent radiation in the ANITA frequency band. Therefore all observables were fitted together in a Bayesian approach with a simple parameterization of the radio beam. The input parameters were based on observations made at lower frequencies. Therefore, the fit to the data preferred a wider beam with significantly less power at higher frequencies than what the models predict now resulting in higher energy estimates and larger exposure at high energy. However, the recent incorporation of the Cherenkov-like effects in the emission models significantly altered the lateral and frequency dependencies of the radio beam. We have shown that we now can independently estimate the energy of the cosmic rays and get reasonable agreement between the distributions from observations and flight simulations. Therefore, a parameterized fit is no longer necessary and both cosmic-ray energy and the detector exposure can be obtained directly from simulations.
Conclusion and Outlook
In this paper, we present a new method of energy reconstruction for cosmic rays using observations in the frequency range of 300 and 1000 MHz and applied this to observations made during the ANITA-I flight. The mean energy of cosmic rays observed by the first ANITA flight is 2.9 ± 0.4(σ i ) ± 0.8(σ s ) × 10
18 eV. The analysis in this paper shows that by using antennas sensitive between 300-1000 MHz there is a straightforward method to estimate the energy of the cosmic-ray particle. Since this method of energy estimation is independent of energy estimation from other techniques it might become useful in the cross calibrating of the different techniques when implemented in existing cosmic-ray observatories.
We simulated the full ANITA flight to estimate the sensitivity to cosmic rays that produce radio signals that are reflected from the ice. From this simulation, we find that the expected number of events is in agreement with the observed number of events. We estimated the total exposure of the flight and estimated, for the first time, the cosmic-ray flux based on radio observations only. This cosmic-ray flux estimate is in agreement with observations made at the Pierre Auger Observatory and Telescope Array.
The flight simulation is also used to compare the distributions of simulated events that trigger the ANITA instrument to the distributions obtained from the measurements. We found reasonable agreement between simulations and measurements in the distribution of the incident angle, the spectral slope, and the amplitude. This provides us with some confidence that the simulations are consistent and allows us to study the importance and necessity of the assumptions made in the flight simulation. However, the limited size of our data set prevents us to go into very deep details and therefore we provide a single flux point rather than an energy spectrum. In the 2014-2015 Austral summer the third ANITA flight flew with a significantly higher sensitivity for cosmic-ray signals than the previous flights. Therefore, a significant increase of the number of cosmic-ray observations is expected. This data set will allow for an energy spectrum and study more of the details of the reflections.
The exposure of the ANITA-I flight is orders of magnitude too small to significantly contribute to the collection of cosmic rays with energy above the GZK limit (∼ 5 × 10 19 eV). However, it was shown that with a measurement at a single location with respect to the shower axis we were able to measure the cosmicray energy with a reasonable accuracy. Therefore, with an array of antennas on the ground, broadband observations might be used to constrain the energy and other parameters, such as the longitudinal air shower development [39] , with only a few antennas per air shower. It should be noted that the accuracy to determine air shower properties is in the case of ANITA largely set by uncertainties on the reflection properties of the surface, these can of course be discarded in the case of a ground array of antennas. In addition, a ground array will point up to the sky and therefore the antenna temperature is expected to drop significantly with respect to the downward pointing antennas of ANITA. At lower frequencies (50 MHz) the antenna temperature is more than two orders magnitude higher than in the ANITA frequency range due to the galactic background. The straightforward way of deriving shower parameters with only a few broadband antennas in combination with the low antenna temperature are beneficial characteristics to be utilized in a cosmic-ray ground array. However, since the footprint on the ground is rather small, it is unlikely that this technique is scalable to a large array for detecting UHECRs at a low cost. However, it could be either incorporated in an existing cosmic-ray observatory to provide a cross-calibration technique for the energy estimation of air showers or as an array making accurate measurements of air showers around To address the effect of surface roughness we followed the method as described in [21] . As an input we take a parameterization of the surface roughness, as a function of length scales, that is fitted to observations from [23] and measurements taken at the Antarctic Taylor Dome Station.
The calculation of the frequency dependent roughness effect is very CPU time consuming. Therefore, it has been calculated at a few specific frequencies and over a range of incident angles. Afterwards, the results are parametrized with smooth functions to intermediate distance values. The multiplication factors as a function of incident angle are shown in Figure 10 at four different frequencies. We perform a linear interpolation between the results for the different frequencies to obtain a frequency dependent multiplication factor.
Appendix B: Comparing ZHAireS to CoREAS
The ZHAireS simulation package used in this paper is the only one that can estimate the electric field at location of the payload after reflection on the ice cap [15] . However, we made a comparison to the CoREAS package [13] to estimate the discrepancy between the two. This forced us to perform calculations on locations on the ground only in order to compare them.
The implementation of the end-point algorithm for the calculation of the electric field in CoREAS and the corresponding ZHS algorithm in ZHAireS result in identical amounts of radiation when applied to identical charge distributions. However, since the two algorithms are implemented in different air shower simulation packages, differences in the calculated radiation may occur. To minimize these differences we modified the CoREAS code in order to use the same model of refractive index as in ZHAireS which was tuned to Antarctic atmospheric data. We also selected air showers from both simulations that have X max that deviates less than 5 g cm −2 from a fixed value. In Figure 11 , we compare the distributions of A as a function of ψ (off-axis angle) on the ground as obtained with ZHAireS and CoREAS for three different shower zenith angles. Overall the distributions in amplitude look rather similar for the two packages. The 10% and 5% deviations observed at the two smallest angles might be in part due to different cuts on particle energy while simulating the air showers with both packages. The 30% deviation at the largest zenith angle may have several small causes that get emphasized at extreme zenith angles.
We adopt the observed differences between the two simulations packages as an uncertainty on the field strength due to the simulation of the radio signal.
